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This paper presents a method for constructing graphs whose circular chromatic number
equals their chromatic number.

1. Introduction

The circular chromatic number of a graph is a natural generalization of the chro-
matic number of a graph introduced by Vince in 1988 [13], under the name “the
star chromatic number”. Given two integers k,d such that k>d, a (k,d)-coloring
of a graph G is a coloring ¢ of the vertices of G with colors 0,1,2,---,k—1 such
that for any two adjacent vertices x and y of G, we have d <|¢(z) —o(y)| <k —d.
The circular chromatic number x.(G) of G is defined as the infimum of the ratio
k/d for which there exists a (k,d)-coloring of G. It was shown by Vince [13] that
for finite graphs, the infimum in this definition is always attained, and hence it can
be replaced by minimum.

Note that a (k,1)-coloring of a graph G is just an ordinary k-coloring of G. This
implies that x.(G) < x(G) for any graph G. On the other hand, it was shown in [13]
that x¢(G) > x(G)—1. Therefore x(G)—1< x¢(G) < x(G). Hence x(G)=[xc(G)]
for any graph G. In this sense, the circular chromatic number of a graph is a
refinement of its chromatic number, and the chromatic number can be regarded
as an approximation of its circular chromatic number. The concept of circular
chromatic number of a graph has been studied in many articles [1-2,3-4,7-10,]. The
focus has been on the relation between the chromatic number of a graph and its
circular chromatic number, the existence of graphs of special properties with given
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circular chromatic number, and the circular chromatic number of special classes of
graphs. For a survey on the subject of circular chromatic number, see [21].

It is well known [2, 13] that there are graphs G such that x.(G) = x(G),
and there are also graphs G such that x.(G) is arbitrarily close to x(G) — 1.
In this sense the above upper and lower bound for y.(G) in terms of x(G) are
sharp. The question regarding which graphs G satisfy the equality x.(G) = x(G)
was asked by Vince [13] and has been studied in [1, 5, 12, 14, 15, 16]. It was
proved by Guichard that it is N P-hard to decide whether or not an arbitrary
graph G satisfies xc(G) = x(G). There are some known sufficient conditions
under which x.(G) = x(G) [1, 5, 12, 14]. However, these sufficient conditions
are very restrictive. This paper presents a method for constructing graphs G such
that xc(G) = x(G). This method enables us to obtain many new graphs G with
Xc¢(G) =x(G). In particular, we shall use this method to construct planar graphs
G with x¢(G)=x(G), which answers some questions raised in [12].

We shall use the following equivalent definition of the circular chromatic num-
ber of a graph given in [14]:

Suppose 7 >1 is a real number. Let C” be a circle of length 7. An r-circular
coloring of a graph G is a mapping ¢ which maps each vertex = of G to a unit
length open arc ¢(z) of C" such that ¢(z)N¢(y) =0 whenever zy is an edge of G.
The circular chromatic number of G is the infimum of those r for which there exists
an r-circular coloring of G.

2. The construction method

This section presents a method of constructing new graphs G satisfying x.(G) =
X(G) from old ones.

Definition 1. Suppose G is a graph and z,y are non-adjacent vertices of G. We say
the triple (G;z,y) is an n-circular superedge if G+ xy is n-colorable and that for
any € >0 and for any (n—e€)-circular coloring ¢ of G, we have ¢(x)N¢p(y)=10.

Suppose H is a graph and ab is an edge of H. We shall denote by H[ab, (G;z,y)]
the graph obtained from H by replacing the edge ab with the superedge (G;z,vy),
i.e., H[ab,(G;z,y)] is obtained from the disjoint union of H and G, by deleting the
edge ab, identifying a with x, and identifying b with y.

Theorem 1. Suppose (G;x,y) is an n-circular superedge. Then for any graph H
with x¢(H) = x(H)=mn, and for any edge ab of H, we have x.(H][ab,(G;xz,y)]) =
x(Hlab, (G;2,y)]) =n.

Proof. It is easy to see that y(H[ab,(G;z,y)]) <n. Indeed, G has an n-coloring
f such that f(z) # f(y) (because G + xy is n-colorable) and H has an n-coloring
g such that g(a) # g(b). We may assume that f and g use the same n colors
and that f(z)=g(a), f(y) =g(b). Then the union of f and g is an n-coloring of
Hlab, (G;z,y)].
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Now we shall prove that x.(H[ab, (G;z,y)]) >n, and hence x.(Had, (G;z,y)]) =
x(Hlab,(G;x,y)]) =n. Assume to the contrary that x.(H|[ab,(G;z,y)]) <n. Then
there is an € > 0 such that x.(H][ab,(G;z,y)]) <n—e. Let ¢ be an (n —e)-circular
coloring of H[ab, (G;x,y)]. Then the restriction of ¢ to G is an (n—e)-circular color-
ing of G. Hence ¢(z)N¢(y)=0. This means that the restriction of ¢ to the vertices
of H is indeed an (n — €)-circular coloring of H, contrary to the assumption that
Xe(H)=n. 1

Once we have one graph H of circular chromatic number n and one n-circular
superedge (G;x,y), we may construct infinitely many new graphs G’ with x.(G')=
n, by repeatedly applying Theorem 1. Tt is easy to find an H with x.(H)=n, for
example, we may take H = K. The next section will discuss the construction of n-
circular superedges. Before doing that, we make a comparison of the construction
method presented in this section with the Hajés” sum, which is used to construct
new n-chromatic graphs from existing ones.

Suppose G1 and G9 are graphs and e =ab is an edge of G1, ¢/ =cd is an edge
of Go. The Hajos’ sum of G1 and G2 is the graph obtained from the disjoint union
of G1 and G9 by identifying a and ¢, deleting the edges e and ¢/, and adding the
edge bd. Hajés [6] proved that all graphs G of chromatic number at least n can be
recursively constructed from copies of K, by three operations: adding vertices and
edges; identifying non-adjacent vertices; and taking the Hajds’ sum.

The operations of adding vertices and edges, identifying non-adjacent vertices
do not decrease the circular chromatic number of a graph. However, the operation
of taking the Hajos” sum may decrease the circular chromatic number, although
it does not decrease the chromatic number. If we attempt to find a method of
recursively constructing all graphs of circular chromatic number at least n, as an
analogue for the circular chromatic number of Hajés” Theorem, we need to replace
the Hajés” sum by some other operations. For this purpose, we define (or interpret)
the Hajos’ sum in a different way.

Suppose G is a graph and z,y are non-adjacent vertices of G. We say the triple
(G;x,y) is an n-superedge if for any (n—1)-coloring ¢ of G, we have ¢(z)#¢(y). In
particular, if x(G) >n, then for any pair z,y of non-adjacent vertices of G, (G;x,y)
is an n-superedge. It is easy to see that a triple (G;x,y) is an n-superedge if and
only if x(G|zy) > n, where G|zy is the graph obtained from G by identifying the
two vertices x and y into a single vertex.

Suppose G is a graph of chromatic number at least n, and xz’ is an edge of
G. Let G* be the graph obtained from G by deleting the edge zz’, adding a new
vertex y and an edge z'y. Then G*|, =G, therefore (G*;z,y) is an n-superedge.
We call the triple (G*;z,y) a special n-superedge associated with G.

By this definition, taking the Hajés’ sum of two graphs of chromatic number
at least n is the same as replacing an edge of one graph by a special n-superedge
associated with the other. Therefore Hajés” Theorem can be stated as follows:

Theorem 2. Let G,, be the minimal class of graphs which contains Ky, and is closed
under the following operations:
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1. adding vertices and edges;

2. identifying non-adjacent vertices;

3. replacing an edge by a special n-superedge associated with a member of Gy,.
Then G, is exactly the class of graphs with chromatic number at least n.

With this interpretation of Hajés’ Theorem, to find an analogous statement
for the circular chromatic number probably amounts to find a class of special
n-circular superedges which can be recursively constructed from K,. The next
section discusses the construction of n-circular superedges. We shall present a
class of special n-circular superedges which are recursively constructed from K.
However, this class is probably not large enough for the construction of all graphs of
circular chromatic number at least n. Neverthless, we do construct many interesting
examples by using this class of special n-circular superedges.

3. n-circular superedges

First we give a result which shows that there are plenty of n-circular superedges
(Giz,y).

Theorem 3. Suppose G is an n-chromatic graph, and that x,y are two non-adjacent
vertices of G. If x(G|zy)=n+1, then (G;x,y) is an n-circular superedge.

Proof. Let f be an n-coloring of G. Then we must have f(z)# f(y), for otherwise
f is an n-coloring of G/|zy. Therefore G +zy is n-colorable.

Assume to the contrary that (G;z,y) is not an n-circular superedge. Then
there exists an € >0 and an (n—e)-circular coloring ¢ of G such that ¢(z)Né(y) #0.
Let pg € ¢(x) No(y). Starting from pg, we put n points pg,p1,--,Pn—1 on the
circle C™ ™€, such that the arc [p;,p;11] (the arc from p; to p; 41 along the clockwise
direction) has length (n—e¢)/n <1. Then for each vertex v of G, ¢(v) contains at
least one of the points p;, because ¢(v) is a unit length arc. Now we define an n-
coloring f of G, by letting f(v) =min{i:p; €p(v)}. Then f is an n-coloring of G
for which f(x)=f(y), contrary to the assumption that x(G|zy)=n+1. |

Applying Theorem 3, one can easily find an n-circular superedge. For example,
suppose G is a uniquely n-colorable graph which is not a complete n-partite graph.
Then there are two vertices x and y of G which are in different color classes of G
(of an n-coloring of G) and which are non-adjacent. Then the triple (G;z,y) is an
n-circular superedge. The condition of Theorem 3 is sufficient for a triple to be
an n-circular superedge. However, it is not a necessary condition, as shown by the
results below. Another disadvantage of the condition of Theorem 3 is that these
graphs are not easily constructed. Our next result gives a method of recursively
constructing an infinite family of n-circular superedges, starting from K.

Definition 2. Suppose G is a graph and z,2’ are non-adjacent vertices of G. We
say @’ is a partner (with respect to integer n) of z if x(G +zz') =n. The set of
partners of = is denoted by P(x).
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Theorem 4. Suppose G is a graph, and z,y are two non-adjacent vertices of G, and
that G+ xy is n-colorable. If the subgraph of G induced by the set P(x)U{y} is
not bipartite, then (G;z,y) is an n-circular superedge.

Proof. It suffices to show that for any e >0 and for any (n — ¢)-circular coloring ¢
of G, we have ¢(z)N¢(y) =0. Assume to the contrary that there exists a (n—e)-
circular coloring ¢ of G such that ¢(z) N¢(y) # 0. For each 2/ € P(x), we must
have ¢(x)Ng(x’) #0, for otherwise ¢ would be a (n—e¢)-circular coloring of G+za’,
contrary to the definition of partner. Let p,q be the two end points of ¢(z). First
we note that for any non-isolated vertex v € P(x)U{y}, ¢(v) contains exactly one
of the points p,q. Indeed, because ¢(v) intersects ¢(x) and both ¢(v) and ¢(z) are
unit length arcs, it follows that either ¢(v)=¢(z), or ¢(v) contains exactly one of
the points p,q. However, as v has a neighbour, say u, in P(z)U{y}, which implies
that ¢(u)Ne(v) =0 and ¢(u)Ne(z)#D, we conclude that ¢(v)#P(x).

For two adjacent vertices u,v of P(x)U{y}, the two arcs ¢(u),p(v) are disjoint,
hence one of them contains p, the other contains q. We may think of p,q as colors
assigned to the non-isolated vertices of P(x)U{y}, which is then a proper 2-coloring
of the subgraph of G induced by the set of non-isolated vertices of P(z) U {y},
contrary to our assumption. Therefore the circular coloring ¢ does not exist, and
hence (G;x,y) is an n-circular superedge. [ |

Theorem 4 can be easily used to construct n-circular superedges. Take any
graph G of circular chromatic number n, say let G =K. Let 2z’ be an edge of G,
and let G —z2’ be the graph obtained from G by deleting the edge za’. Then / is
a partner of 2 in G —xa’. Take an odd cycle, say Cor1=/(co,c1, -, co). Take 2k
disjoint copies of G—xz’. Identify all  in these copies into a single vertex, name it
z again. Identify the #’ in the ith copy of G —xz’ with ¢;. Let the resulting graph
be H, and rename the vertex cg as y. Then (H;z,y) is an n-circular superedge.

Fig. 1(a) below is a 4-circular superedge constructed by using two copies of
K4 —z2' and a triangle. Fig. 1(b) is a 4-circular superedge constructed from 4
copies of K4 and a Cj.

(€Y (b)

Fig. 1. Examples of circular superedges
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It is easy to verify that the examples in Fig. 1 do not satisfy the condition of
Theorem 3.

Theorem 5. Suppose (G;x,y) and (G';2',y’) are both n-circular superedges.
Then replace any edge ab of G with the superedge (G';a',y’), the triple
(Glab, (G";2",y)];2,y) is again an n-circular superedge.

The proof of Theorem 5 is straightforward and omitted. Using Theorems 4
and 5, the construction of examples of n-circular superedges becomes very easy.
It is natural that the n-circular superedges constructed by this method represent
just a small portion of the family of n-circular superedges. The following are some
examples of n-circular superedges that are not constructed by this method.

Theorem 6. For k> 3, let H; be the graph with 2k + 1 vertices, vy,v2,- -, V9, U,
in which v;v; is an edge if and only if |i —j| < k—1; and u is adjacent to
V1,02, ", Uk_1,Vk. Let & =wvg9p and y=wv1. Then (Hy;x,y) is a (k+ 1)-circular
superedge.

Proof. Fig. 2(a) is a depiction of Hj. It is easy to verify that Hy +xy is (k+1)-
colorable. It remains to show that for any € > 0 and for any (k+ 1 — €)-circular
coloring ¢ of Hy, we have ¢(x)Ne(y)=0.

Assume to the contrary that ¢ is a (k+1—e¢)-circular coloring of Hj, such that
d(x) NP(y) # 0. Assume that ¢(z) = (pz,qe) and that ¢(y) = (py,qy), where we
alway write an arc (p,q) in such a way that the direction of traversing the arc from
p to q is the clockwise direction. Without loss of generality, we may assume that
Py € (P, qz), hence gz € (py,qy). The partial coloring is shown in Fig. 2(b), where
the arc named z is actually the arc ¢(z), etc. Now the arc ¢(vg1) must have non-
empty intersection with ¢(z) = @¢(v1), because otherwise ¢(v1),p(v2), -, d(vii1)
would be k+1 pairwise disjoint unit length arcs, contrary to the assumption that
the circle has length k+1—e. Since v is adjacent to y, hence ¢(vgy1)NP(y) =0,
the position of ¢(vgy1) must be as shown in Fig. 2(b).

Similarly, ¢(v) has non-empty intersection with ¢(y), and ¢(vi) Ne(z) = 0.
Hence the position of ¢(vy) is as shown in Fig. 2(b). Now ¢(u) must have non-
empty intersection with ¢(vg), for otherwise ¢(u),p(v1),p(ve), -, d(vi) would be
k+1 pairwise disjoint unit length arcs, contrary to the assumption that the circle
has length k+1—e. As ¢(u)Ng(y) =10, the position of ¢(u) is as shown in Fig. 2(b).
Suppose ¢(Vg41) = (Pvyy1>Qupir) and ¢(u) = (pu,qu). Let p=py,,, and g=gqy. The
points p,q are shown in Fig. 2(b).

The arc (p,q) has length at least 3, because it contains three disjoint unit
length arcs ¢(vg41),¢(y) and ¢(u). Therefore the arc (¢,p) has length less than

k —2. Consider the vertices vo,v3,---,v_1. These vertices induce a clique of size
k—2. Hence the arcs ¢(v2),0(v3), -, d(vi_q1) are pairwise disjoint. Each of the
vertices vg,v3, -+, v_1 is adjacent to both vgy; and u. Hence each of the arcs

d(v2),0(vs), -, d(v_1) is contained in (p,q) or (¢,p). Since (g,p) has length less
than k—2, at least one of the arcs ¢(v2),p(v3), -+, p(vp_1) is contained in (p,q).
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However, it is easy to see from Fig. 2(b) that there is no room in (p,q) for any of
these arcs, because each of the arcs ¢(v2),¢(vs3),- -, d(vi_1) should be disjoint from

¢(z) and @(vg). |
Fig. 2(c) is the graph Hs, and (Hs;z,y) is a 4-circular superedge.

p/vkiL X y

o

ok =X
@ (b) (c)

Fig. 2. For the proof of Theorem 6

Theorem 7. Suppose G is a graph with x.(G) = 3, and that v is a vertex of G
of degree 2. Let x,y be the two neighbours of v. If G+ xy is 3-colorable, then
(G —w;a,y) is a 3-circular superedge.

Proof. It suffices to show that for any € >0, and for any (3 — ¢)-circular coloring ¢
of G—v, we have ¢(x)Ne(y)=0.

Assume to the contrary that ¢ is a (3 — €)-coloring of G —v such that ¢(z)N
d(y)#D. Then ¢(x)Ne(y) is a nonempty open interval, hence it has length § > 0.
If 6 > ¢, then C37€ — (¢(x)Ug(y) is an arc of length at least 1. Let I be a unit
length open arc contained in C3~¢ — (¢(z)U¢(y). We can define a (3 — ¢)-circular
coloring ¢’ of G by letting ¢/(v) =1, and letting ¢'(u)=¢(u) for u#v, contrary to
the assumption that x.(G)=3.

Assume that § < e. We cut the circle C37€ at a point p & ¢(x)N¢(y). Then
insert an arc of length € —§ into the circle C37€ at p, obtaining a circle of length
3—9. Now we may think of ¢ as a mapping which assigns to each vertex u of G an

arc ¢(u) of C30 1t o(u) does not contain the point p, then it still has unit length;
if ¢(u) does contain the point p, then the present length of ¢(u) (i.e., the length of
@(u) after the insertion) is 1+ (e—¢). Obviously we can remove a portion of ¢(u) of
length e—¢ from one of its ends to obtain a unit length open arc, and hence obtain
a (3 —Jd)-circular coloring ¢/ of G —wv. Moreover, in this new circular coloring ¢/,
we have ¢/(z)N¢'(y) is an interval of length §. Using the previous argument, we
obtain a (3—¢)-circular coloring of G, contrary to the assumption that x.(G)=3. 1

The following theorem gives a necessary condition for a triple (G;x,y) to be
an n-circular superedge.
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Theorem 8. Suppose (G;x,y) is an n-circular superedge. Then xc(G|zy) >n.

Proof. If x.(G|zy) <n, then there exists an € >0 and an (n — e)-circular coloring

¢ of G|zy. Then ¢ induces an (n—e)-circular coloring of G' in which ¢(z) = ¢(y),
contrary to the definition of n-circular superedges.

However, this necessary condition is not sufficient. Let G be a path with 3
edges, and let ,y be the end vertices of the path. Then x.(G|zy)=3, and it is easy
to see that (G;x,y) is not a 3-circular superedge. Indeed, for any k>3, let Q}, be
the graph obtained from the complete graph K} by deleting an edge zy, adding a
new vertex z’ and an edge 2’y. Then Q. has circular chromatic number k, but
(Qp;x',x) is not a k-circular superedge.

Among the n-circular superedges discussed above, the most promising one is
the construction given in Theorem 4. We do not know whether or not, together with
the operations of adding vertices and edges, and identifying non-adjacent vertices,
these n-circular superedges are enough to construct all graphs G with x.(G) =n.
To be precise, we would like to ask Question 1 below.

First we observe that if, in the definition of n-circular superedge, we omit the
requirement that G+xy be n-colorable, then instead of constructing graphs H with
Xc(H) =n, we would have constructed graphs H with x.(H) > n. We shall be
interested in the construction of graphs with circular chromatic number at least n
in the following. For this purpose, we slightly change the definition of n-circular
superedge, by omitting the requirement that G+ xy be n-colorable.

Given 2k graphs G1,G9,---,Gy. For i=1,2,--- 2k, let x;y; be an edge of Gj.
Let Cog11=(co,c1, -, cor) be a cycle of length 2k+1. Let H be the graph obtained
from the disjoint union of G1,G2, -+, Gak,Coy1, by identifying all the x;’s into a
single vertex x, identifying y; and ¢; for i=1,2,---,2k. Rename the vertex c¢q with
name y. If each of the graphs G; has circular chromatic number at least n, we
call the triple (H;x,y) a special n-circular superedge associated with the graphs
G1,Ga,---,Gop.

Let G’ be the smallest family of graphs which contains K, and is closed
under the following operations:

1. adding vertices and edges;
2. identifying non-adjacent vertices;
3. replacing an edge by a special n-circular superedge associated with some mem-

bers of G',,.

Then for n>3, each graph G €G’,, has circular chromatic number at least n.
The question is:

Question 1. Does G, contain all graphs G with x.(G)>n? If G';, does not contain
all graphs G with x.(G) >n, is it possible to find a larger family of special n-circular
superedges so that all graphs with x.(G)>n can be constructed as above?

A less ambitious objective is to find a method that constructs all graphs of
circular chromatic number at least 3.
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Concerning graphs with circular chromatic numbers at least 3, there are some
interesting characterizations of such graphs which follow from a recent result of
Brandt [3] and an earlier result of Pach [11]. Both Brandt and Pach were aiming at
some other problems. However, once we start to look at their results from the point
of view of circular colorings, the characterizations below follow immediately. We
shall not cite their original results, but interpret them in the language of circular
chromatic numbers.

Theorem 9. ([3]) Let H be the graph obtained from the Petersen graph by deleting
one vertex. A graph G has circular chromatic number at least 3 if and only if every
maximal triangle free supergraph G’ of G contains H as a subgraph.

Theorem 10. ([11]) A graph G has circular chromatic number at least 3 if and only

if every maximal triangle free supergraph G’ of G has an independent set whose
elements do not have a common neighbour.

Note that if G does contain a triangle, then the conditions of Theorems 9 and
10 are satisfied automatically, and such graphs have circular chromatic number at
least 3.

These characterizations of graphs with circular chromatic number at least 3
seem very interesting. It might be helpful in the search for methods for constructing
such graphs. It would also be interesting if these characterizations can be general-
ized to graphs with circular chromatic numbers at least n for arbitrary integer n.

Before closing this section, we point out that the proof of Theorem 4 can be
easily adopted to prove the following theorem:

Theorem 11. Suppose G is an n-chromatic graph. If there exists a vertex x of G
such that the subgraph of G induced by P(x) is not bipartite, then x.(G)=n. Here
P(x) is the set of partners of & with respect to n.

4. Planar graphs

In [12], the authors discussed the problem of the circular chromatic number of
planar graphs. Let Wa,41 be the graph obtained from the odd cycle Cy,41 =
(zg,x1, "+, 22y), by adding a universal vertex u, i.e., add vertex u and edges ux;
(1=0,1,---,2n). The graph Wa,41 is called the (2n+ 1)-wheel. The edges ux;
are called the spokes of Wap41. Let Gany1 be the graph obtained from Wa,41q
by subdividing each edge (u,z;) into two edges, i.e., replace the edge (u,xz;) by
a path (u,v;,z;) of length 2. It was proved in [14] that for each integer n > 1,
Wopnt1 is a planar graph with circular chromatic number 4, and proved in [12]
that for each n>2, Go,41 is a triangle free planar graph with circular chromatic
number 3. (We note that this result follows easily from Theorem 11.) It was asked
in [12] whether or not Way, 41 were the only minimal planar graphs with circular
chromatic number 4, and whether or not G'9,,+1 were the only minimal triangle free
planar graphs with circular chromatic number 3. Using the construction method
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presented in this paper, one can easily construct infinitely many planar graphs with
circular chromatic number 3 that do not contain triangles and do not contain any of
the graphs Ga,,+1, and infinitely many planar graphs with with circular chromatic
number 4 that do not contain any of the odd wheels Way,y1.

Fig. 3 are some examples constructed by this method. The graph in Fig. 3(a)
is obtained from G by replacing an edge with a 3-circular superedge. Hence it
has circular chromatic number 3. Obviously, this graph is planar, triangle free and
does not contain any of the graphs Ga, 41 as subgraphs.

The graph in Fig. 3(b) is obtained from Wy by replacing an edge with a 4-
circular superedge. Hence it has circular chromatic number 4. Obviously, it is
planar and does not contain any of the odd wheels Wa,, 1.

The graph in Fig. 3(c) has circular chromatic number 4 by Theorem 11. This
graph is also obtained from K4 by replacing an edge with a special 4-circular
superedge associated with 4 copies of K4. Again this graph does not contain any
of the odd wheels.

X

y
(@ (b) (©

Fig. 3. Example of graphs constructed by using circular superedges

Remarks. 1. For any rational number r = k/d > 2, we can also define r-circular

superedges. By using copies of G¢, and applying the operations of adding vertices
and edges, identifying non-adjacent vertices, and replacing an edge with an -
circular superedge, we may obtain a class graphs of circular chromatic number
at least 7. Most of the discussion of this paper can be extended to the case of
arbitrary rational numbers 7.

2. The author learned from Kostochka that Mel'nikov has also constructed
examples of planar graphs that answer in the negative the two questions of [12]
mentioned above.
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